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Q 1. (10)
Indicate if the following is true or false; give a single brief sentence of rea-
soning if true, and a counter example, if false:
(a) Z2025 is a ring that contains some non-zero nilpotent elements.
(b) In any integral domain, all non-zero prime ideals are maximal,
(c) In the ring M2(R), if an element has a left inverse, then that left inverse
must also be a right inverse.
(d) If S is a multiplicative set in a commutative ring A with unity, then the
complement of S must be a union of prime ideals.
(e) For a given ring R, another ring S is ∼= R/I for some two-sided ideal I
of R if, and only if, there exists a ring homomorphism from R ONTO S,
(f) If T : A → Zp is an 1-1 homomorphism, where A is a commutative ring
with unity, and p is prime, then the only idempotents of A are 0 and 1.
(g) In a commutative ring A with unity, the set of nilpotent elements is
necessarily contained in the Jacobson radical of A.
(h) The only field of characteristic 2 is Z2.
(i) The direct product R1 × R2 of two non-zero rings is never an integral
domain.
(j) In a finite commutative ring R with unity, every prime ideal is maximal.

Q 2. Consider the group ring C[Sn]. If D1, D2, · · ·Dp(n) are the conjugacy
classes of Sn, prove that the elements ai =

∑
σ∈Di

σ (for i = 1, · · · , p(n)) are
in the center of the group ring.

OR

Q 2. Let R be a commutative ring with unity 1. If I, J are ideals, prove
that

R → R/I ×R/J ;

r 7→ (r + I, r + J)

is surjective if, and only if, I + J = R.
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Q 3. (3+7)
(i)Prove that the set of nilpotent elements in a noncommutative ring may
not form an additive subgroup.
(ii) Show that a commutative ring R which has no non-zero nilpotent ele-
ments is isomorphic to a subring of a direct product of integral domains.
Hint for (ii). Prove (and use) that the nilpotent elements form the inter-
section of all prime ideals.

OR

Q 3. (4+6)

Let R :=

{(
a b
c d

)
∈ M2(Q) :

(
a b
c d

)(
1 1
0 1

)
=

(
1 1
0 1

)(
a b
c d

)}
.

Prove:

(i) R is a subring consisting of all matrices in M2(Q) of the form

(
a b
0 a

)
.

(ii) R ∼= Q[X]/(X2) as rings.

Q 4. Consider the ring homomorphism

θ : C[X,Y ] → C[T ];

X 7→ T 2, Y 7→ T 3.

Prove that Ker θ = (X3 − Y 2).

OR

Q 4. Prove that Z[i]/(1+ni) ∼= Z/(1+n2)Z as rings, where n is any positive
integer.
Hint. No number theory is needed.

Q 5. Let A be a commutative ring with unity, let P be an ideal, and let
a ∈ A. If I + (a) and I : (a) are finitely generated ideals, prove that I must
be finitely generated as well. Deduce that if all prime ideals are finitely
generated, then A must be Noetherian.

OR

Q 5. Let A be a commutative ring with unity. Let P1, · · · , Pn be prime
ideals such that

⋃n
i=1 Pi ⊃ I for an ideal I. Prove that Pi ⊃ I for some i.
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Q 6. Let A be a commutative ring with unity, which is Noetherian. If
T : A → A is a surjective ring homomorphism, prove that T must be an
isomorphism.
Hint. Consider an increasing sequence of ideals constructed using T .

OR

Q 6. Show that C[X,Y ]/(X2 + Y 2 − 1) ∼= C[T, T−1]. Hence, deduce that
every ideal is principal.
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